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ABSTRACT:  Non-prismatic beams are widely used in many engineering structures. Damage in the form of 
cracks would reduce their stiffness and strength. This paper looks at using the change in curvature mode 
shapes to locate damage. The extent of damage can be measured by a modified flexure damage index 
(MFDI) expressed in terms of frequencies which can be found by vibration tests. Experimental studies and 
finite element modelling show that this approach is practical for reinforced concrete beams which exhibit 
high non-linearity behaviour. 
 
1 INTRODUCTION 
It is easily accepted that when damage occurs, a structure would suffer a decrease in stiffness and as 
a consequence there is a decrease in natural frequencies of vibration. For a beam structure a loss in 
stiffness would imply an increase in curvature of the elastica which can be used for damage 
detection [Pandey et al, 1991, Wahab and Roeck, 1999]. It also changes dynamic characteristics and 
this change has been exploited for the same purpose [Cawley and Adams, 1979, Spyrakos et al, 
1990]. This study aims at relating damage to the change in curvature and hence natural frequencies 
in a non-prismatic concrete beam when cracks develop in the process of loading. 
 
2 THEORY 
The formula giving angular natural frequencies of a prismatic beam of length L, simply supported 
with uniform cross-section is widely available in literature, using standard notations: 
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where: n is the order of the mode shape, m is mass per unit length. 
Engineering beam theory gives: 
 1
EI M
κ=           (2) 
where κ  is the curvature of the beam’s axis, M is the bending moment at the cross-section 
considered. Equations (1) and (2) give: 
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Equation (3) is derived for a linear prismatic beam and is not exact for a non-linear non-prismatic 
beam. However it shows that there is a relationship between the curvature and the natural 
frequencies and this will also be true for non-linear non-prismatic beams. On the other hand 
curvature can always be found from the beam deflection by: 
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and, in the limit of small deflections and slopes  
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The last term in 4b can be approximated by using a central difference formula: 
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where l is the grid length of the measuring grid (or the element size of the finite element in a 
numerical solution) and vi is the deflection of the beam at the cross-section considered. As a 
consequence, curvature mode shape can be obtained from displacement mode shape. When the 
beam is non-prismatic the finite element method (FEM) can be used for static and dynamic analysis. 
However when cracks exist the FEM modelling is not straightforward as the behaviour of 
reinforced beam having cracks is far from linear, because of the non-linearity of concrete but also 
because of the complex interplay between reinforcing steel, concrete and the presence of the many 
cracks that exist in the concrete material due to the low tensile strength of concrete [Warner et al, 
1998]. 
 
3 NON-PRISMATIC REINFORCED CONCRETE BEAM 
When there is damage the natural frequencies would change and so would the curvature. In this 
study, it is proposed to relate the change in curvature with evidence of damage. The change in 
curvature is obtained from the displacement mode shape (displacement mode curve) of a finite 
element model (FEM) of the beam by using Equation (5) and cracks are detected by surface 
observation with a microscope. It is noted that with this support and loading arrangement the first 
cracks would appear in the midspan. As the load increases the cracking extends outwards from this 
point.  The FEM model should incorporate the current damage inflicted on the beam and detected 
by the microscope. The natural frequencies can be either found by vibration testing or from modal 
analysis of the FEM model.  
 
3.1 Cracking of the simply supported prismatic beam 
Cracking is produced by a concentrated static load at the midspan, exerted by a hydraulic jack in the 
set-up shown in Figure 1.  
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Figure 1: Experimental set-up 
 
The details of a typical non-prismatic reinforced concrete beam is shown in Figure 2: 
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Figure 2: A concrete beam (dimensions in mm) 
The area in the midspan is monitored for cracks using a microscope. Load-displacement curves 
obtained in static tests for the midspan position for four beams labelled E, F, G, H, are shown in 
Figure 3.  This Figure shows the non-linear behaviour and, also, the scatter of results in nominally 
identical beams. Particular attention was taken to determine the load Pcr when first crack appears. 
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Figure 3: Load – displacement curves 
A maximum load Pmax is assigned when displacement increases excessively fast while load 
practically does not increase, the beam is considered 100% damage. For intermediate loads between 
Pcr and Pmax, a damage index is defined as: 
 
                                                           
cr
cr
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                                 (6) 
This definition of DI is widely accepted but is arbitrary as Pcr relates to the onset of observable 
crack when some damage may have been already inflicted. 
 
3.2 Determination of natural frequencies by vibration 
For a beam, undamaged or damaged, its natural frequencies can be determined by vibration test 
using mechanical vibrator employing eccentric masses. Accelerations recorded by an accelerometer 
at the midspan and another moving transducer were acquired and fed into computer to determine 
the natural frequency and displacement mode shape. The experimental set up is shown in Figure 4. 
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Figure 4: Experimental set-up (PC: Computer and Data Acquisition; SA: Sensor amplifier; A: accelerometer: 
MV: mechanical vibrator; F: Frequency generator and power source) 
 
Equation (3) shows that for the damaged beam, the change in ωn is intimately related to κ. This is 
the basis of defining a modified flexure damage index to indicate the extent of damage [Dipasquale 
and Akhmet, 1987]: 
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where ω = natural frequency of the damaged beam, ωcr = natural frequency at the first crack, and  
ωmax =  natural frequency at the maximum crack. Typical experimental results are shown in Table 1 
for beam G, other beams gave similar results [Saleh, 2000]: 
 
Table 1: Experimental results for beam G 
Load (kg) Natural 
Frequency 
(Hz) 
Note DI MFDI 
0 32.227 No Damage   
100 32.227 No Damage   
200 31.900 First Crack 0.000 0.000 
300 30.355  0.200 0.399 
400 29.297  0.400 0.709 
500 29.053  0.600 0.786 
600 28.869  0.800 0.845 
673 28.527  0.946 0.957 
700 28.400 Maximum load 1 1 
 
It should be noted that the static load was used to induce cracks but was withheld for the vibration 
test to find the natural frequency and displacement mode shape. It can be seen that the natural 
frequency remains independent of the static load applied when there are no cracks. 
 
3.3 FEM model 
In the FEM model, the beam of 3 m is divided into 30 elements using beam element of SAP90. It is 
proposed to represent the damage inflicted to an element as a reduction in EI. This very crude FEM 
model is very simple but it avoids the intractable problem of modelling so numerous the number of 
SAPC
A MV
F 
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cracks that exist in concrete. How much the reduction should be is not certain from the surface 
observation not to mention the complex behaviour of composite nature of concrete and reinforcing. 
The scheme adopted here is to compare FEM with experimental results for the undamaged beam 
first. Then for the damaged beam, a damaged element is modelled by reducing the value of the EI 
value in steps of 0.2 EI from EI to 0.2EI to search for a suitable reduction in EI. A modal analysis is 
then carried out for each scenario to get the mode shape and natural frequency. These are shown in 
Table 2. From each displacement mode shape, the corresponding curvature mode shape was 
obtained by using Equation (5). 
 
Table 2: Natural frequencies from FEM with different values of EI for damaged elements 
(Beam G) 
 
 Percentage of EI 
Loaded to 
200 kg 
Loaded to 
400 kg 
Loaded to 
700 kg 
100 32.09 32.09 32.09 
80 31.83 29.34 28.99 
60 31.41 26.00 25.37 
40 30.62 21.75 20.93 
20 28.56 15.77 14.95 
Estimated percentage of EI 
for same MFDI 85.19 79.71 73.67 
 
The last row of Table 2 shows the estimation of residual strength in terms of percentage of EI that 
should have been used to assign to damaged elements in the FEM model to get the same natural 
frequency as the experimental value, hence the same MFDI. It can be seen that the equivalent EI of 
the damaged elements decreases with increasing load as expected, however at the maximum load 
there is still considerable strength left. A typical fundamental displacement mode shape obtained by 
experiments and FEA are shown in Figure 5 for Beam G. 
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Figure 5: Displacement mode shape by experiment (solid line) and FEM results 
 
 A more interesting comparison is whether the curvature difference between the damaged beam and 
undamaged beam would help to identify the extent of damaged. Results are shown in Figure 6. 
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  Figure 6. Curvature mode shapes for the beam G     
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Inspection of displacement mode shapes in Figure 5 for the full range of reduced EI shows that 
displacement mode shapes are very similar and exhibit only small differences, they cannot reveal 
the location and extent of damage. However in Figure 6, it can be seen that with a wide range of 
projected values of reduced EI for damaged elements, all curvature mode shape curves show clearly 
a sudden change of curvature precisely at positions where damaged elements are identified by 
microscopic observation of cracks. This fact clearly shows that curvature mode shape can be used to 
indicate damage.  
 
4 CONCLUSION 
When there are cracks in a beam, the change in natural frequency can only be used as a qualitative 
indication of damage. It was shown that the change in displacement mode shape is too small to be 
useful. However, for a damaged beam, the change in frequency is intimately related to the change in 
curvature. The curvature mode shapes exemplify the change due to damage and can be used to 
locate the extent of damage and location of damage, justifying the use of  Modified Flexure 
Damage Index (MFDI) as an indication of residual strength. Curvature mode shapes are however 
very tedious to obtain experimentally. They can be obtained by FEM but further work is needed to 
improve the modelling of damage due to cracks in concrete in a simple yet effective way for the 
prediction of curvature mode shape. On the other hand, MFDI is entirely expressed in frequency 
terms, which can be obtained by vibration testing, is a simple and realistic measure of the damage 
inflicted by cracks in non-prismatic reinforced concrete beams widely used in civil engineering 
structures.   
 
REFERENCES 
Cawley P and Adams A D: The location of defects in structures from measurements of natural frequencies, 
Journal of Strain Analysis, 14, pp 49-57 (1979) 
Pandey A K, Biswas M and Samman M M: Damage detection from changes in curvature mode shapes, 
Journal of Sound and Vibration, 145, pp 321-332, (1991) 
Saleh, F: Detection of  cracks in non-prismatic beams by curvature mode shapes, Masters Thesis, Gadjah 
Mada University, Yogyakarta, (2000) 
Spyrakos C, Chen H L, Stepens J and Govindaraj V: Evaluating Structural Deterioration Using Dynamic 
Response Characterization, Elsevier Science Publisher Ltd, (1990) 
Wahab M M A, Roeck G D: Damage detection in bridges using modal curvature: application to a real 
damage scenario, Journal of Sound and Vibration, 226, pp 217-235, (1999) 
Warner R F, Rangan B V, Hall A S and Faulkes K A: Concrete Structures, Longman, (1999) 
SIF2004 Structural Integrity and Fracture. http://eprint.uq.edu.au/archive/00000836 
 
